In this note we prove that quantum gravitational corrections to vacuum solutions of Einstein's equations vanish at second order in curvature.
Exact solutions, and in particular vacuum solutions, play an important role in general relativity, see e.g. [1] . Using effective theory techniques, we prove in this note that quantum gravitational corrections to vacuum solutions of Einstein's equations vanish at second order in curvature.
Deriving an effective action for quantum gravity requires starting from general relativity and integrating out fluctuations of the graviton and of any matter fields that are irrelevant for the problem under consideration. Doing so, see e.g. [2] for a recent review, one obtains a classical effective action given at second order in curvature by:
for the local part and for the non-local part by
where R, R µν and R µνρσ are respectively the Ricci scalar, the Ricci tensor and the Riemann tensor. The scales µ i are renormalization scales. The term R is a total derivative and thus does not contribute to the equation of motions. The effective action is a derivative expansion since the Ricci scalar, Ricci tensor and Riemann tensor contain two derivatives of the metric. However, as the invariant terms are constructed using the Ricci scalar, the Ricci tensor and the Riemann tensor, it also corresponds to a curvature expansion. In this approach the terms curvature expansion and derivative expansion are thus used interchangeably. The expansion of the effective action here is analogous to that done in the case of chiral perturbation theory. The non-local action is obtained by integrating out massless fluctuations. One could also integrate out massive fields, which would generate operators of the type Rm 4 −1 R (see e.g. [3] ), where m is the mass, at the second order in the derivative expansion. We are restricting our considerations to massless fields such as the graviton, but the generalization to massive fields is straightforward.
This effective action is obtained by quantizing general relativity directly. It is well known that this quantum field theory is not renormalizable, but as argued by Donoghue years ago [4] this is not an issue as it simply means that new measurements are needed order by order in the curvature/derivative expansion of the effective action to determine the Wilson coefficients that are not calculable due to the non-renormalizability of quantized general relativity. However, this does not mean that predictions are not possible as the Wilson coefficients of the non-local operators such as the log terms considered here are calculable. Their values are given by the number of massless fields that are integrated out. In that sense, any ultra-violet complete theory of quantum gravity that has general relativity in its low energy regime (which obviously applies to string theory), will be described by this effective action. Obviously fields specific to a given ultra-violet completion such as e.g. the KaluzaKlein modes of the graviton would have to be included. The effective theory approach is thus a useful framework to consider quantum gravitational corrections to Einstein's theory of general relativity when considering physics at energies below the Planck scale.
Our aim is to study quantum gravitational corrections to Einstein's field equations. In particular, we are interested in vacuum solutions such as black hole solutions. It is well known that the variation of the local part of the action does not lead to any correction at second order in curvature as the variations with respect to the metric of the two second order terms in curvature are proportional to either R or R µν which both vanish in vacuum. We can thus focus on the non-local part of the action. Varying this part of the action we find:
At this stage we need to specify how to apply the log( /µ 2 ) on the different terms in the nonlocal action. This differential operator can be defined in terms of an integral representation:
It has been shown [5, 6] that the variation δ/δg αβ log( /µ 2 ) leads to terms in the field equations that are higher order than two in curvature. We can thus safely ignore this variation as we are considering corrections to the field equations to second order in curvature. Using the integral representation of the log, we can now calculate:
which is valid to second order in curvature. We used a Taylor series expansion for the fraction containing the -operator. It is then easy to see that the deviation from the distributivity property involves derivative terms which imply terms of higher curvature than two. Another way to see this is to realize that the log /µ 2 operator stands for a non-local function L(x, y, µ) (see e.g. [7] ) which could be calculated, for example, using a Riemann normal coordinates expansion [8] , in which propagators are expanded in powers of the curvature/derivative. However, since the action at second order in curvature is by definition quadratic in the curvature, we can drop any derivative term appearing in L(x, y, µ) at this order in curvature and safely commute the Riemann tensors with the log /µ 2 operator at second order in curvature.
As long as we restrict our considerations to second order corrections in curvature we can simplify the right-hand side further (passing metrics to lower and raise indices past the log operator will simply generate higher order derivative terms), we get
We can now express R µνρσ R µνρσ in terms of the standard Gauss-Bonnet identity and find:
which is the non-local version of the Gauss-Bonnet identity which is however only valid to second order in curvature. The variation of the non-local part action thus becomes:
It is straightforward to see that all these terms are either proportional to R or R µν which both vanish in vacuum.
We have thus shown that there are no second order quantum gravitational corrections to vacuum solutions. This applies to all vacuum solutions in general relativity, e.g. black hole solutions. This proof confirms the results obtained for the Schwarzschild solution in [7] . Note that while this previous result was obtained by doing a lengthy calculation, the proof presented here is rather short and completely generic.
A corollary to our result is that the effective action for quantum gravity at second order in curvature can be written as
when ignoring topological terms. It implies that in quantum general relativity, there are just four independent Wilson coefficients at second order in curvature. We remind the reader that while the c i cannot be predicted from first principles, the b i can be calculated in a model independent manner, see e.g. [5] . In this compact form, it is easy to identify directly from the action the masses of the massive spin-2 and spin-0 fields present in the action [9] .
Let us finally emphasize that our result by no means implies that there are no new intrinsic solutions to higher-derivative gravity. Such solutions do exist as shown by Lu et al. in [10] , we simply find that that are no quantum gravitational corrections to vacuum solutions of general relativity at second order in curvature.
